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I. INTRODUCTION 
A. Background 
The introduction of compressive stresses in the surface layers is a 
well-known method for strengthening glass. In thermal tempering 
compressive stresses are introduced fay rapid cooling through the 
annealing range. In chemical tempering small cations (Na"*") initially 
present in. the glass are replaced by larger cations (K"*") from a molten 
salt, e.g., KNO^. The exchange of for Na^ in the parent glass causes 
an increase in volume of the ion-exchanged surface of the glass and 
produces compressive stresses in the ion-exchanged layer. Changes at 
the exchange temperature may be enhanced or degraded by thermal 
expansion. Chemical tempering is carried out at a temperature below the 
annealing range, so that the stresses introduced are not removed by 
stress relaxation-
It has been found that the- chemical tempering processes can be 
accelerated by an electric field, which enhances the ion movement in the 
glass [1]. Shaisha and Cooper [2] reported their experimental results 
of the effects of temperature during field-assisted ion exchange on the 
residual stress in a soda-lime-silica glass tube. They found that, 
below the glass transition temperature (about 550 °C), the measured 
surface stresses were independent of the exchange time but increased 
markedly as the exchange temperature decreased from 450 ®C to 200 °C. 
The temperature dependent stress variations in Shaisha and Cooper's work 
can not be understood in the context of ordinary viscous stress 
2 
relaxation in a glass [3]. 
For normal ion exchange, without field assistance, it has been 
suggested that the stresses are affected by a densified glass structure, 
by viscous stress relaxation, by the concentration profile and by the 
degree of exchange [4]. In a field-assisted ion exchange, it is not 
probable that ordinary temperature-dependent viscous shear relaxation 
occurs when the temperature is far below the glass transition 
temperature. Shaisha and Cooper [2] suggested two possible mechanisms 
to explain their results: 1) temperature dependent densification, 2) 
shear stress relaxation which does not occur in an ordinary glass far 
below the glass transition temperature but which exists in a field-
assisted ion-exchanged glass. 
In this paper, the two mechanisms suggested by Shaisha and Cooper 
are studied. The known temperature-dependent stress, and the measured 
strains in the field-assisted ion-exchanged glass, are explained using a 
stress-relaxation model. 
B. Review of Two Major Works 
Shaisha and Cooper [2] obtained a field-assisted ion-exchanged 
layer of 12 pm thickness using soda-lime-silica glass tubes, for which 
material properties are given in the Appendix, Section A. The 
experimental layout for the field-assisted ion-exchange process is shown 
in Figure 1. Shaisha and Cooper measured the residual stresses in 
singly and doubly ion-exchanged layers by a photo-elastic method [2]. 
Their experimental results are shown in Figures 2a and 2b. 
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Figure 1. Experimental layout for field-assisted ion-exchange 
process including schematic concentration and stress 
profiles [5] 
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Figure 2a. Effect of exchange temperature on surface stress 
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Figure 2b. Effect of exchange time on surface stress at 
moderate (350 °C) and high (500 °C) temperatures [2] 
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In field assisted ion exchange the resultant concentration profile 
is approximately a step function [6, 7]. The penetration depth can be 
estimated by Faraday's law, 
M t ) #  ( 1 )  
a o a o 
where A is the penetration depth, Q is the charge density transferred in 
time t, is the Faraday constant, is the surface concentration of 
exchanged alkali ion species in the parent glass, and j is the current 
density. In a normal ion exchange, without field assistance, the 
concentration curve for the entering ion is given by the complementary 
error-function solution to Fick's second law, 
c(x,t) = Cgerfc(^) (2) 
where x is the distance and D is the diffusion coefficient for potassium 
ions in the glass. 
The diffusion equation with an electric field F has the following 
form [8], 
H = » J - KFg . =g) (3) 
where y is the mobility of a moving species, and F is the electric 
field. Ignoring the diffusion effect and the dependence of F on 
position. Equation (3) becomes 
pFg +11 = 0 (4) 
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The general solution of the Equation (4) is a step function expressed as 
where yFt = A and f is an arbitrary function determined by initial and 
boundary conditions. The solution of Equation (3) will be approximately 
a step function superimposed with an error function contributed fay the 
diffusion term, i.e., the first terra on the right-hand side of Equation 
(3). The schematic concentration curve represented by Equation (3) is 
shown in Figure 3. In an ion-exchanged layer where the exchanged alkali 
is greater than, say, c/C^ = 0.3, at low temperatures and short contact 
times, A » /Dt, (Figure 3). Therefore, the concentration of 
penetrating ions in the ion-exchanged layer can be assumed to have a 
step function profile. 
Once the concentration function (i.e., the step function) is known, 
the stresses and strains due to the concentration profile may be 
estimated using the thermo-elastic stress equations [9, 10]. For 
generalized plane strain in a cylindrical shell, with interior radius a 
and exterior radius b, the results are as follows: 
c = f(x-jjFt) (5) 
(6c) 
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Figure 3. Schematic shape of concentration-distance curves in ion-
exchanged layer. is the concentration of penetrating 
species in the melt and Fyt = A. A more precise potassium 
ion concentration is given in reference [7] 
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where E is Young's modulus, v is Poisson's ratio, and *(r) is defined as 
a deformation function and can be expressed in terms of the effective 
partial molar volumes of the alkali oxides, V and V , and a 
2 2 
concentration function, c(r), for the exchanging alkali ion. 
*(r) = ¥\o - ^ Na^oicfr) = Bc(r) (7) 
where B is defined as a linear dilatation coefficient in this paper. In 
thermal stress analogies #(r) is the product of the thermal expansion 
coefficient and the temperature change. It should be noted that *(r) is 
the free strain, i.e., the strain that would occur in the absence of 
stress, and c(r) = for the potassium ion-exchanged layer, therefore, 
*(r) = BCg. 
Since the concentration distribution is close to a step function, 
it can be shown from Equations (6a) and (6b) that 
EBC 
' ® 8 " ® r ' = T ^  
Consequently, the principal stress difference is constant, if E, B, v, 
and c(r) are not functions of ion-exchange temperature. However, 
Shaisha and Cooper's experimental results (Figure 2a and Figure 2b) 
indicate that there are some functional relationships between the 
residual stresses and at least one of the above parameters. 
Ohta and Hara [11] investigated field-assisted ion exchange in a 
commercial sheet glass below its strain point. A glass sheet was ion-
exchanged from one side, which resulted in bending. The stress profiles 
in the ion-exchanged glass were determined by means of photoelasticity. 
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An interference technique which used Newton's rings was used to 
determine the radius of curvature of the bent glass. The maximum 
compressive stress in the exchanged layer, as determined by polarization 
microscopy, was about 690 MN/m^ for the ion-exchanged glass at 430 °C 
and 1380 MN/m^ for the glass at 360 °C. On the other hand results of 
the curvature measurements in the bent specimens indicated that the 
curvature did not depend on the exchange temperature (Figure 4). For a 
fixed ion-exchanged depth, for example, the curvature of the specimen 
exchanged at 430 °C was equal to that of the one exchanged at 360 °C. 
Both of them had a compressive stress of 1380 MN/m^, assuming elastic 
bending. 
If 1/R, 2h and e denote the curvature, thickness and ion-exchanged 
layer depth of the bent glass plate in the Y-axis, the following 
equations can be derived from the equations for thermal stresses in a 
plate [9]: 
2h^J-h 
= 
2h^J.h 
= ÊÉ5. 
2h^ 
2 
The linear dilatation in the bent glass, $ = [(2h) /R]/(6E), can be 
estimated from the slope of the Figure 5. It can be noted that all the 
points in Figure 5 are almost on the same line and insensitive to the 
exchange temperature. 
Glass Specimen 
Ojiiical Flat 
*-*1^ 6 
X 
/ 
/ / 
/ / 
/ y 
/ 
/ 
I 
t u 
/ (i/ 
u
,
 
O 380t 
, ' V' @ 400t 
• 430% 
# , 
- / / ® 4C0V: 
/ / 
^ \ 1 1 I • . • 
120 
Ion Exchanged Layer c (/j) 
160 
Figure 4. Relationship between ion-exchanged layer depth and (2h)^/R; 
2h and 1/R denote the thickness of a specimen and the curvature 
respectively [11] ' 
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Ohta and Hara's experimental results suggest that 
(1) Stress in ion-exchanged glass depends on the ion-exchange 
temperature. 
(2) Strain in ion-exchanged glass appears to be independent of 
the ion-exchange temperature. 
(3) This leads to the conclusion that if the reduced stresses are 
the result of relaxation processes then, the ratio of 
relaxation for the exchanged and unexchanged layer must be 
independent of the ion-exchange temperature. 
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II. LITERATURE REVIEW 
A. Viscoelastic Properties of Glass 
1. Shear stress relaxation 
A glass is often considered as being a supercooled liquid in which 
the configuration exists in some 'frozen' state. For any liquid, it is 
known that there is a constant x which defines the minimum value of the 
time at which the liquid is considered as behaving without memory of 
forces acting at time (t-t) [12]. Experimental observation shows that, 
under isothermal conditions, glass behaves like an elastic material in 
the glassy state while, in the transition range, its mechanical behavior 
is adequately described by the theory of linear isotropic 
viscoelasticity; the strains depend only on the first power of the 
stresses, and the Boltzmann superposition principle is applicable. 
Furthermore, for mechanical behavior under nonisothermal conditions, 
glass is known to behave like a thermo-rheologically simple material, 
and thus obeys temperature-time equivalence. 
Bailey and Sharp [13], Lillie [14], and Preston [15] showed that 
the rate of release of strain in glass was directly proportional to the 
stress but the rate underwent continual change with time in isothermal 
conditions. Their studies implicitly indicated that the stress 
relaxation rate in the transition range followed the Maxwell model 
-(ds/dt) = Gs/n 
or 
s(t) = s(0)exp(-t/T) 
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where G - shear modulus, n = viscosity, x = relaxation time = q/G, s(t) 
= stress at time t, and s(0) = initial stress. 
The single Maxwell relation above was criticized by McGraw and 
Babcock [15]. They found the stress relaxation rate of glass obeyed the 
Maxwell relaxation only in the limit of low stress and high temperature. 
To fit their stress relaxation data, several relaxation time constants 
were employed. 
s(t) = s(0)Zc^exp(-t/x^) (10) 
where c^ is the fractional contribution with relaxation time x^ to the 
total observed stress at time t. Van Zee and Noritake [17] and Kurkjian 
[3] used Equation (10) to fit their stress relaxation data. 
Another e^gression to describe the distribution of stress 
relaxation properties can be found in the literature, namely a 
fractional exponential form. 
s(t) = s(0)exp[-(t/x)^] (11) 
where X is a constant which is a measure of the width of the relaxation 
curve and is determined by experiment. 
DeBast and Gilard [18] and Kurkjian [3] showed that, within their 
ranges of time and temperature, 'X' in Equation (11) could be taken as a 
constant equal approximately to 0.5. When the temperature-time range 
was extended, X appeared to vary with t/x. At large values of t/x, X = 
1, e.g., when t/x = 100 the glass behaves as a simple Maxwell body 
15 
-3 -4 
expressed by Equation (9b). At values of t/x of about 10 to 10 , X 
appeared to be about 1/3 and it still decreased at smaller values of 
t / Z '  
A definite advantage of using a function of t/i is that it makes it 
convenient to describe the relaxation processes and the variation with 
temperature in terms of the variation of t with temperature. If we 
introduce the time variable t/t, and an Arrhenius-type relationship 
between relaxation time and temperature, 
T = t^expCE/RT) 
Here, E is the activation energy for a relaxation process, R is a gas 
constant, and T is the absolute temperature. Lee et al. [19] showed 
that the relaxation properties of glass at different temperatures could 
be superimposed approximately to a so-called master relaxation curve at 
an arbitrary reference temperature, and thus they treated glass as a 
thermo-rheologically simple viscoelastic material. 
2. Structural relaxation 
It is known that for temperatures within the transformation range 
the physical properties of glass (such as viscosity, thermal expansion, 
refractive index and specific gravity) do not reach their equilibrium 
value instantaneously following a sudden change of temperature [20, 21]. 
This evolution of glass properties is found to require a certain time, 
called the 'stabilization time' which increases rapidly as the 
temperature is decreased. 
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A famous concept for evaluating the structural properties in the 
transformation range is the fictive temperature introduced by Tool [20]. 
When Tool defined fictive temperature as the actual temperature of an 
equilibrium state that corresponds to the given nonequilibrium states, 
he made an assumption that there exists a single equilibrium state 
corresponding to every nonequilibrium state. Ritland [22] criticized 
Tool's assumption of a single equilibrium state to define a 
nonequilibrium state. Later, Narayanaswamy [23] showed that any 
nonequilibrium state could be a mixture of several equilibrium states. 
a.s has been mentioned in the previous section, shear stress 
relaxation in stabilized glass is known to be linear, i.e., the 
intrinsic relation between force and flow is linear as in Hooke's law. 
Structural relaxation is characterized by its nonlinearlity, i.e., 
structural response is dependent on time, actual temperature, and 
fictive temperature. Narayanaswamy [23] developed a mathematical model 
of structural relaxation, which essentially transformed the nonlinearity 
of the structural relaxation function into a linear form in terms of a 
reduced time defined for variations in both fictive and actual 
temperature. His model is exactly analogous to the temperature-induced 
shift of a shear relaxation function in glass as introduced in previous 
section. The significance of Narayanaswamy's structural model is that 
the nonlinear effects of structural relaxation properties of glass can 
be expressed with a linear single master relaxation curve with suitable 
parameters determined from any structural relaxation experiment with a 
temperature change. 
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Bridgman and Simon [24] found that density of K20-Si02 glass (23 
mole % KgO) increased as much as 1.2 % with increasing pressure to 13500 
MN/m^ at room temperature. Addition of alkali oxide to silica glass 
lowered the threshold pressure for compaction. Higher pressure yielded 
more nearly permanent deformation and greater compaction in alkali 
silicate glass. With an increasing amount of alkali oxide added to 
silica glass, the permanent compressibility of glass decreased, but the 
capacity for permanent deformation with change of shape increased. 
Bridgman and Simon explained the increased shear deformation capacity of 
alkali silicate glass by an increase in the number of broken Si-0 bonds 
and by degradation of the potential barriers which accompanied the 
introduction of the cationic ions into the framework. 
Mackenzie [25] studied high pressure effects on oxide glasses. At 
7350 MN/m^ the density of a vitreous silica increased with increasing 
temperature, i.e., from 3 % at room temperature to 17 % at 500 °C. 
Noting that the molecular relaxation time increased with decreasing 
temperature according to Equation (12), Mackenzie suggested that 
compaction results obtained at low temperature, e.g., 100 °C below the 
glass transition temperature, could not be the same as the volume 
changes associated with the so-called 'stabilization' near the glass 
transition temperature- Mackenzie proposed that shear during 
compression was the most important parameter to lead to densification of 
a rigid glass at temperatures lower than the glass transition 
temperature, and the densification occurred by entanglement of SiO^ 
tetrahedra structure and rupture of Si-0 bonds. 
IS 
Corsaro [26] studied volume relaxation of glass as a function 
of time and temperature by applying a sudden pressure which ranged from 
2 2 10 MN/m to 45 MN/m . He observed a volume change of as much as one-
third of its initial value. All compressibility relaxation data were 
reduced to a master relaxation curve at a reference temperature of 280 
°C by using an Arrhenius-type relationship between time and temperature. 
Confirming thermo-rheologically simple relaxation behavior for the 
volume relaxation, Corsaro could fit the compressibility data to the 
fractional exponential form expressed as 
K(t) = k(o) + K^[l-exp[-(t/T)^]] • (13) 
where T is the relaxation time, K(O) is an instantaneous compressibility 
and is a relaxational compressibility defined as K(«O) - K(O). Here, 
<(-) is a compressibility at infinite time compressibility and X is a 
constant determined from the compressibility data- When X = 1 in 
Equation (13), Equation (13) is equivalent to the one used for material 
behavior in a linear-standard-element solid. 
B. Ordinary Ion Exchange without an Electric Field 
1. Stress relaxation 
A detailed description of stress formation and stress relaxation 
after ion exchange in alkali aluminosilicate glasses was given by 
Burggraaf [4]. The maximum compressive stress observed following normal 
ion exchange is often at some distance from the exchanged surface even 
though the exchanged ion concentration is a maximum at the surface. He 
19 
concluded that the existence of stress maxima depended on the exchange 
temperature and exchange time if the difference between the treatment 
temperature and strain point of glass sample was less than about 100 °C-
His model for stress formation in ion-exchanged glass was based on two 
competing processes, namely structural relaxation and stress relaxation 
by viscous flow. He assumed that the structural relaxation of high 
density regions around ion-exchanged sites caused them to expand in all 
directions, giving rise to stresses. He expected that the densified 
structure of the ion-exchanged layer could relax to a normal structure 
in the same temperature and time region in which stresses relaxed. 
Burggraaf concluded that ion-exchanged glass had a densified structure, 
since the observed maximum stresses were only 30 ~ 40 % of the stress 
calculated from the known partial molar volumes of the diffusing ions in 
melted glass. 
The elastic properties of chemically strengthened glasses have 
been measured as a function of temperature. Kerper and Scuderi [27] 
showed that the values of shear modulus and Young's modulus of ion-
exchanged glasses decreased with increasing temperature. When the ion-
exchanged glasses were subjected to repeated heating and cooling to a 
temperature below the annealing temperature of the glasses, there was 
considerable reduction in the induced stress due to change in 
composition profile without a change in the instantaneous Young's and 
shear modulus. Their experimental results indicate that the elastic 
modulii depend mainly on the composition of glass, not on the states of 
stress in the ion-exchanged glass. 
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Garfinkel and King [28] studied diffusion and stress profiles in an 
Na"*" for Li^ exchanged LigO-AlgO^-SiOg glass as a function of reheating 
time in air. They used the thermal stress analogy to relate 
concentration and stress in the exchanged glass. Measuring the stress 
and concentration after reheating of the ion-exchanged glass, they 
claimed that only ion migration contributed to stress changes in the 
ion-exchanged glass. 
Stress relaxation during ion exchange of K"*" for Na"*" in NagO-
AlgOg-SiOg glass fibers was studied by Krohn [29]. Ion exchange was 
accomplished at temperatures (350 °C and 400 °C) more than 200 °C below 
the strain point (600 °C) which according to Burggraaf and Spoor [30] is 
sufficient to prevent relaxation. Rapid stress relaxation was observed 
during the initial one hour of ion exchange. Comparing calculated 
stress with the experimental stresses determined from the optical 
retardation of a glass fiber sample, Krohn concluded that the effective 
dilatation coefficient, strain per unit solute exchanged, was a function 
of position and ion exchange time; hence, viscous shear stress 
relaxation occurred. He also observed a maximum in fracture strength as 
well as a maxium stress in the glass fiber. Krohn attributed the 
existence of the maximum in the fracture strength to the occurrence of 
viscous shear stress relaxation. However, he did not rule out a stress 
reduction due to diffusion. The unrelaxed dilatation coefficient 
estimated by Krohn was the same value as that known from the partial 
molar volumes of K^O and Na^O in melted glass. 
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Ohta [31] investigated the stress profiles of an ion-exchanged 
mixed alkali glass (Na^O-K^O-MgO-SiO^). As the K^O content increased 
from 0 to 10.2 mole %, he observed an increase in the apparent diffusion 
coefficient of K"*", the rate of ion exchange, and thickness of the ion 
exchange, while the maximum compressive stress decreased and appeared at 
the surface. At low K^O contents in the parent glass, the maximum 
compressive stress was not at the surface but inside of the glass. The 
degree of stress relaxation was believed to be greater at the layer near 
the surface if the stress relaxation was dependent on the concentration 
of k"*" diffused in- The compressive layer growth rate and apparent 
diffusion coefficient of k"*" was found to decrease with increasing 
exchange temperature. Ohta explained such a temperature dependent rate 
in terms of the degree of viscous flow around ion-exchanged sites. He 
assumed that the exchanged sites became larger and more viscous flow 
occurred as the temperature rose. The K^O content dependent location of 
a maximum stress implicitly indicated that K^O in the parent glass 
affects stress relaxation in the inner region as well as at the surface. 
Varner and Lang-Egelkraut [32] studied the influence of ion-
exchange temperature and time on the stress profiles and the strengths 
of chemically-strengthened commercial soda-lime-silica glass. They 
showed that stress profiles at 400 °C always had the maximum compressive 
stress at the surface. At a higher temperature, the maximum and the 
thickness of the layer of compressive stress existed at an optimum 
exchange time, and occurred at some distance away from the surface of 
the glass. Optimum time at each exchange temperature decreased with an 
22 
increase in the temperature. 
Detailed work to describe stress relxation and photoelastic stress 
measurement was done by Sane [33]. He studied the stress relaxation 
process in ordinary ion-exchanged soda-lime-silica glass rods and 
slides. Stress relaxation in ion-exchanged glass was significant even 
at temperatures considerably (about'100 °C) below the strain point. 
Stabilization of glass during ion exchange was assumed responsible for a 
lower activation energy for stress relaxation; the activation energies 
for the rods and the slides were about 65.8 kcal/mole and about 47.9 
kcal/mole, respectively, as compared to about 80 kcal/mole for the 
stabilized glass. 
2. Kinetics of ion exchange 
Hale [34] showed that complete replacement of alkali ions in glass 
by an ion exchange process is impractical if exchanged ions are present 
in the molten salt. He considered the effects of an external mechanical 
restraint imposed on a glass sample, and of strain energy developed 
within the glass sample on the ion exchange equilibrium. The larger the 
difference in size of the exchanging ions, the larger is the effect of 
the strain energy within the glass. Large ionic size difference leads 
to a lower concentration of exchanged ion at a glass surface. For 
example, in replacing Na"*" ions by ions, it was shown that 1.2 % ion-
fraction of Na^ in the molten k"*" salt allowed approximately 90 % 
exchange at the surface. Hale confirmed his model by comparing his 
theoretical values with the experimental work of Rothermel [35], who 
studied the effect of Na"*" ion concentration in a molten K"*" salt on the 
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concentration at the surface of a K^-Na^ exchanged glass. Hale 
concluded that the maximum compressive stress achieved in ion exchange 
depended on the nature of the exchanging ions, on the concentration of 
ions introduced into the glass, on the elastic properties of the glass, 
and on the conditions used in the replacement process. 
The kinetics of K"*" for Na^  exchange in NagO-BgO^ -SiOg glasses have 
been studied as a function of glass composition, exchange time and 
temperature. Varshneya and Milberg [35] found that exchange in sodium-
borosilicate glass is a Fickian phenomena, and that the diffusion 
coefficients were concentration-dependent. Diffusion coefficients also 
depended on the B/Si ratio. The activation energy for diffusion 
decreased with an increasing fraction of nonbridging oxygens (or with a 
decreasing fraction of BgOg). Their results disagreed with the studies 
of NagO-AlgOg-SiOg glasses by Burggraaf and Comelissen [37], who found 
the diffusion coefficient increased with a decrease of nonbridging 
oxygen. Varshneya and Milberg concluded that nonbridging oxygen was not 
the main cause for determining the activation energy for alkali ion 
motion. 
Varshneya [38] suggested a change in the structure of ion-exchanged 
sites may occur during ion exchange. This could produce changes in 
average size of the alkali ion sites. He claimed that the measured 
inter-diffusion coefficient in the exchanged surface region of NagO-SiOg 
glass was significantly lower than that predicted by the self-diffusion 
coefficient. He could only explain part of the above disagreement in 
terms of strain energy in the ion-exchanged layer. 
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C. Field-Assisted Ion Exchange 
1. Stress relaxation 
Umes [39] investigated the surface compressive stresses of field-
assisted ion-exchanged commercial, silicate glasses, performed at 
constant voltage and a fixed ion-exchange temperature of about 350 °C. 
2 He found that the measured compressive stresses (about 1000 MN/m ) were 
about one-fourth of the theoretical stress derived from the strain 
energy presumed stored in the ion-exchanged glass. Two explanations 
were given for the smaller stresses observed: a) the shear modulus might 
decrease with increasing pressures as mentioned by Bridgman [40], and b) 
elastic energy in the exchanged layer might be decreased if the finite 
size of the sample were taken into account. 
The relationship of the resistivity to the depth of the ion-
exchanged layer during a doubly ion exchange was derived by Ohta [41]. 
He observed a difference between the measured resistivity and the 
theoretical one. Ohta presented a mathematical analysis which related 
the resistivity measured during a doubly ion exchange to stress 
relaxation in an ion-exchanged glass [42]. He showed that the 
relaxation time was about 100 seconds and was independent of the ion 
exchange temperature. In separate studies of temperature-dependent 
shear-stress relaxation in glass Kurkjian [3] and Hopkins [43] showed 
that the relaxation time is temperature dependent, and the relaxation 
time of 100 seconds corresponds to a low stress (0.5 ~ 50 MN/m ) and a 
viscosity of 10^^'^ ~ 10^^ poise. That value is close to the so-called 
glass transition point (10^^ poise). In the formulation of theoretical 
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resistivity equations in the doubly ion-exchanged glass, however, dhta 
neglected the contribution of viscous flow to the strain relaxation 
equation he used, and obtained a relaxation time of 100 seconds. 
2. Concentration of exchanged ion 
a. Percentage of exchange . Urnes [39] reported the exchanged 
ion fraction for the exchanged layer of glass after field-assisted ion 
exchange at about 350 °C. He determined the concentration by 
electron microprobe and flame spectrophotometry. The concentration 
profile was observed to have a rectangular shape. For a commercial 
silicate glass, the fraction of Na"*" exchanged by k"*" ranged from 0.63 to 
0.85. The fraction exchanged appeared to depend on the applied voltage 
and the depth of the ion-exchanged layer. 
Ohta and Hara [11] found 93 % exchange by flame photometry in 
singly field-assisted k"*" for Na"*" ion-exchanged soda-lime-silica glass. 
For the same kind of glass Ohta later reported 100 % ion exchange in the 
doubly ion-exchanged layer, after the direction of the second electric 
field was reversed in a doubly ion-exchanged glass sample [41]. 
b. Concentration profile of exchanged ions Concentration 
profiles under the combined influence of an electric field and diffusion 
were studied by Spiegler and Coryell [5], who analyzed the migration of 
two ions of unequal mobility in a cation-exchange column. Ohta and Hara 
[11] and Kaneko and Yamamoto [44] estimated the exchanged ion 
concentration in a field-assisted ion-exchanged glass by superimposing 
an error function on Spiegler and Coryell's step function solution. 
Their approximate solutions were limited to the stable case, where 
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slower mobile ions (K^) followed faster mobile ions (Na"*") in the 
direction of the electric field, 
Ohta [41] used Spiegler and Coryell's solution [6] to estimate the 
exchanged ion concentrations for the unstable case, where faster mobile 
ions, e.g., Na"*", are initially behind the slower ions, e.g., k"*", in the 
direction of electric field. The discrepancy between the experimental 
results and the calculated ones was attributed to a composition-
dependent mobility ratio for the two mobile ions. 
Abou-el-leil and Cooper [5] extended the analysis of Spiegler and 
Coryell [6], Ohta [41], and Ohta and Hara [11] by including diffusion 
effects and the initial condition of mobile ion concentrations in their 
approximate solutions. Measured concentrations indicated more 
replacement of the slow moving ion than predicted. Abou-el-leil and 
Cooper suggested that concentration dependency of the mobility ratio of 
the two mobile ions was responsible for this. 
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III. EXPERIMENTAL PROCEDURE 
A. Experimental Design 
Axial elongation of glass tubes during field-assisted ion exchange 
was measured using a displacement transducer^ (TRANS-TEK Series 350) at 
several temperatures from 250 °C to 400 °C. The transducer consists of 
a spring loaded spindle, a precision linear variable differential 
transformer (LVDT), a solid state oscillator, and a phase-sensitive 
demodulator. The experimental set up for the strain measurement 
consists of five parts: 1) the transducer assembly, 2) the glass tube 
sample immersed in an alkali-ion nitrate melt, 3) a vertically movable 
furnace supported by a metal structure, 4) constant voltage and current 
power supply, and 5) a computer controlled data acquisition and data 
processing system. Figure 5 shows the apparatus for measuring the axial 
dilatation of a sample glass tube during ion exchange. 
The transducer was fixed to an aluminum plate (SO cm x 30 cm x 20 
cm) supported by three leveling screws. These screws were fixed to a 
structure which raised or lowered the furnace in a vertical direction. 
Two metal assemblies connected to the transducer were used to hold a 
glass tube sample and a glass rod (Kimble R-6) placed in the glass tube. 
The glass rod, connected to a spindle in the center of the LVDT, was 
free to move in a vertical direction inside the glass tube. Therefore, 
the glass rod was displaced as the glass tube expanded or contracted 
1 TRANS-TEK Inc., Ellington, CT. 
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Figure 5. Ion exchange configuration measuring dilatation of a sample 
glass tube using LVDT 
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during ion exchange. The movement of the glass rod was directly 
detected by the LVDT, converting the core displacement of the LVDT into 
a DC voltage. The metal fitting assembly was made of Invar, an alloy 
which has a smaller thermal expansion coefficient (2 x 10 ^/°C) than the 
glass rod (10 x 10 ®/°C). However, the design of the assembly was such 
that the total thermal expansion coefficient of the metal assembly was 
close to that of the glass rod inside the assembly. Thus, undesirable 
thermal effects due to room temperature changes were minimized. 
B. Material Preparation 
Annealed soda-lime-silica glass tubes were cut to lengths of 33 cm. 
The physical properties are given in the Appendix, Section A. Each 
specimen had an inside radius 5.5 + 0.2 mm and an outside radius 7.8 + 
0.2 mm. One end was closed with a flame to form a closed end tube. The 
glass tubes were annealed before use. 
A molten KNO^ and Ca(NO^)g mixture was used to replace the sodium 
ions in the glass with potassium ions from the melt. The salt was 
prepared by mixing 50 mole % KNO^ and 50 mole % Ca(N02)24H20 and boiling 
in a Pyrex glass beaker at 400 °C for about three hours to remove water. 
Argon was bubbled through the melt to enhance water removal. After the 
boiling was stopped the melted mixture was quenched and solidified on a 
•stainless steel plate. The resultant solid chunks were kept in a 
desiccator. In a similar manner, a mixture of 50 mole % KNO^ and 50 
mole % NaNO^, and a mixture of 50 mole % Ca(N02)24H20 and 50 mole % 
NaNO^ were prepared. 
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C. In situ Strain Measurements 
1. Single ion exchange 
A glass tube was filled with a known amount of the mixture of 
potassium nitrate and calcium nitrate and immersed to a depth of 6 ~ 6.5 
cm in a mixture of potassium nitrate and sodium nitrate in a stainless 
steel tube, 20 cm long. 
After thermal equilibrium was established, as indicated by a 
constant LVDT output voltage, the current was applied to exchange a 
predetermined amount of charge to produce the desired ion-exchanged 
depth on the outside of a glass sample. The holding periods before 
applying the current varied from sample to sample, but were usually 
between one and two hours. Axial dilatation as a function of ion-
exchanged depth was recorded on a strip chart recorder. During the ion 
exchange the following data were recorded using a personal computer.- a) 
the temperatures of the melts, b) the axial dilatation, c) the exchanged 
charge (or exchanged depth), and d) the resistivity of the sample glass. 
The ion-exchanged depth was calculated using Equation (1). The 
variables used in the single ion-exchange experiments were the ion-
exchange temperature, the magnitude of the constant current, and the 
ion-exchanged depth. 
Two difficulties were encountered during axial dilatation 
measurement: 
1) Ambient temperature changes affected the dilatation curve. 
2) Application of high currents at low exchange temperatures, 
e.g., 46 mA at 290 °C, increased the temperature of the melt 
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in the stainless steel tube above the desired temperatures. It was 
found that temperature changes around the LVDT assembly exposed to air 
produced a differential thermal expansion between the Invar alloy and 
the sample glass. Stabilization of the LVDT output required a constant 
temperature environment around the LVDT assembly, the glass tube, and 
the glass rod. The Invar fitting was wrapped with thermal insulation 
material to prevent direct air contact. Attempts to actively control 
the LVDT assembly temperature were unsuccessful. 
Thermal expansion was superimposed on the dilatation by ion 
exchange because of ohmic heating of specimens during ion exchange. The 
dilatation curve decayed for a time when the current was shut off. When 
the melt temperature fell to the initial set-point temperature, the LVDT 
output value was taken as the dilatation due to ion exchange only. 
A schematic dilatation curve at 380 °C is shown in Figure 6. After 
the sample glass and the centered rod were connected to the LVDT 
assembly from one to two hours were needed to reach thermal equilibrium 
for the glass tube and the rod in melt. The dilatation curve changed 
continuously during the transition period as shown in Figure 5. Current 
was applied when the LVDT output voltage v = v^ was constant. The 
dilatation curve was linear with ion-exchanged depth. When current was 
turned off at t = t^, the dilatation curve decayed until t = t^ due to 
the absence of ohmic heating and maintained a constant value v = v^. 
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Figure 6. illustration of a dilatation curve during ion exchange at 380 °c. 
Each time and LVDT output at current-on, current-off and equilibrium 
temperature are (t^, v^), (t^. v^) and (t^.v^). The dashed line is 
a true dilatation due to ion exchange 
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2. Double ion exchange 
In double ion exchange, the polarity of the electric field was 
reversed compared to the one in single ion exchange. Therefore, current 
flowed from the inside to the outside of the tube. After single ion 
exchange the glass specimen was washed with tap water and oven dried. A 
singly outside surface exchanged glass was filled with a mixture of 
potassium nitrate and calcium nitrate and immersed in the same mixture 
in the stainless steel tube. The magnitude of constant current applied 
in double ion exchange was usually the same as that in single ion 
exchange. At a low ion-exchange temperature, e.g., 290 °C, the 
magnitude of the applied constant current in the double ion exchange was 
equal to or less than the one used in the single ion exchange. Axial 
dilatations were measured as a function of the ion-exchange temperature, 
the ion-exchanged depth, and the magnitude of electric current. 
In addition to the same difficulties experienced in single ion 
exchange sample glasses fractured frequently during double ion exchange 
at 290 °C; few dilatation data were obtained. Electrical breakdown or 
the occurrence of tension in the doubly exchanged layer may have been 
responsible for the fracture during double ion exchange. 
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IV, STRESS-STRAIN ANALYSIS 
There are two possible explanations for the observation of stress 
lower than that expected based on the partial molar volumes of K^O and 
Na^O in "melted" glass at room temperature. 
1) Irreversible compaction, which does not conserve volume. 
2) Irreversible shear flow, which conserves volume. 
Primary bonds may be broken as an ion squeezes through the glass network 
during its motion from one site to another. These temporarily broken 
bonds may reform in a geometry that differs from the original. The 
result is permanent distortion (shear) or dilatation (compaction) due to 
ionic diffusion. The open random network structure of glass can permit 
either form of permanent deformation. 
A. Effective Dilatation Coefficient Model 
As mentioned earlier, this model assumes that the structure of the 
ion-exchanged layer is different from that of a "melted" glass of the 
same composition. In other words, the density of the ion-exchanged 
layer mainly depends on the exchange temperature, and the elastic 
"modulus of the exchanged layer does not vary with exchange temperature 
or time. However, a temperature-dependent dilatation coefficient (which 
does not depend on stress or time) is difficult to imagine on an atomic 
scale because the known dilatation coefficient in a melted glass is 
greater than that in an ion-exchanged glass at T^. It is more 
reasonable to assume that the dilatation coefficient for ion-exchanged 
glass depends on stress rather than solely on the exchange temperature. 
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From the known stress data and the composition of the glass sample 
we can estimate the linear dilatation coefficient at each exchange 
temperature. The magnitude of elastic strain at the exchange 
temperature can also be obtained using elastic stress-strain equations 
for a cylindrical shell, e.g.. Equations (6a), (6b), and (6c). 
For example. Equation (8) can be used to estimate the dilatation 
coefficient. 
Note that at the surface = 0. If E, and v are fixed, only the 
dilatation coefficient B varies with the exchange temperature- Since 
the radial stress in the ion-exchanged layer is small enough to 
neglect [45], we may assume that the magnitude of hoop stress Og is 
nearly equal to the axial stress 
To estimate elastic stress in the ion-exchanged glass at each 
exchange temperature. Equation (6c) is rewritten in the following form. 
°z " " *(r)] (15) 
where is the measurable average strain along the tube axis and is 
expressed as 
£ = Bc(r)rdr 
_ 
2BC_ rb 
rdr 
b^-a^j b+d 
2BC 
° bA (A«b) (16) 
kf-az 
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In the above manipulation, it is assumed that the potassium ions are 
occupying the region, (b-x) < r < b. 
The following material values for the present glass (Section A in 
the Appendix) are substituted into Equations (14) and (16) to obtain the 
axial strain : 
V = 0.25, E = 7.51 X 10^ MPa, = 0.0126 mole-K^/cm^ 
-4 
a = 0.65 cm, b = 0.78 cm, and A = 1.2 x 10 cm 
The calculated effective dilatation coefficients B and strains for 
some selected hoop stresses o at several temperatures shown in Figure 
6 
2a are summarized in Table I. 
An effective dilatation coefficient model alone can not explain the 
stress profile in a doubly ion-exchanged glass, which will be discussed 
later in this paper- It has been reported that there js a significant 
stress relaxation in the doubly ion-exchanged layer of a doubly ion-
exchanged glass, which can not be explained because of the residual 
concentration of potassium ions in the doubly ion exchanged layer [41]. 
This fact supports stress relaxation phenomena rather than the effective 
dilatation coefficient model in field-assisted ion-exchanged glass. 
B. Stress Relaxation Model in Singly Ion-Exchanged Glass 
The stress relaxation model assumes that the elastic modulus of the 
ion-exchanged layer depends on the exchange temperature and time, while 
the value of the linear dilatation coefficient B is fixed. The value of 
B is estimated by the known partial molar volumes of K^O and Na^O at 
Table I. Estimated B and of a field assisted ion-exchanged glass tube based 
on stress data in Figure 2a and an ion-exchanged depth of 12 pm 
Temperature 200 250 300 350 400 450 
(°C) 
Hoop stress 1500 1400 1250 1050 900 750 
B 1.16 1.08 0.97 0.81 0.70 0.58 
(cm/mole-K ) 
E 15.1 14.1 12.6 10.5 9,0 7.5 
^ -5 ( x 10 ) 
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room temperature as shown in the Appendix, Section A. 
Since the concentration distribution for field-assisted ion-
exchanged glass has the shape of a step function along the radial 
direction, (i.e., in the direction of the applied electric current), and 
also because the thickness of the ion-exchanged layer is much smaller 
than that of the glass tube, the stresses in the exchanged compression 
and in the unexchanged tension region can be approximated as a 
rectangular stress profile. Such a simplification of the stress profile 
allows us to treat the ion-exchanged glass as an ideal composite plate 
made of two thin layers with different material properties and 
structures. Therefore, the modulus of an exchanged layer can be 
distinguished from that of the unexchanged layer. The advantage of this 
model is apparent from the mathematical point of view. For example, the 
axial stresses in exchanged glass can be formulated as 
where subscripts "x" and "u" in this paper refer to the exchanged and 
the unexchanged region, respectively, and is defined in Equation (7). 
The requirements of force balance in the axial direction yields 
*z,x - Ox - 1-V x"- z 
(17) 
and 
(18) 
Tr[b^ - (b-x)^]*^ + ir[(b-x)^ - a'^]o^ = 0 (19a) 
Noting x«b, the above equation is approximated as 
xox + (l-x)oy = 0 (19b) 
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where L = (b^^a^)/2b 
An additional contribution to and may arise due to a 
difference between the coefficient of thermal expansion of the exchanged 
layer and that of the unexchanged layer. It can be shown that 
contribution of stress caused by thermal expansion mismatch is only ~ 2 
% of stress produced by the partial molar volume difference betweeen K^O 
and Na^O- For example, in an ordinary ion-exchanged glass studied by 
Sane [33] , the contribution to the stress caused by the thermal 
2 
expansion mismatch was small (~ 20 to 30 MN/m in the exchanged layer). 
Hence, the thermal expansion mismatch term was neglected in this study. 
Equations (17), (18), and (19b) are used to formulate the stress 
relaxation model in the following section. 
1. Formulation of the stress-strain equations 
For a linear viscoelastic material, the shear constitutive equation 
at constant temperature is [46] 
(20a) 
where 
i = X ,  y or z ;  Cartesian coordinate system 
t = elapsed time 
e^  = - |e. deviatoric shear strain; e = 
and 
G(t-t') = shear relaxation modulus 
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The dilatational constitutive equation at constant temperature is 
o(x,t) = J K(t-t')|^, [e(x,t') - 3Eg(%,t')]dt' (20b) 
where 
a = dilatational stress 
K(t-t') = bulk relaxation modulus 
and 
3e^ = free volume strain. 
For many commercial glasses, the shear and bulk relaxation modulii 
are often obtained by independent shear and dilatational stress 
relaxation experiments [3, 26]. A useful engineering stress, i.e., o^, 
is often expressed by a so-called auxiliary relaxation modulus, a 
combination of shear and bulk relaxation modulii. For the present 
field-assisted ion-exchanged glass, neither the shear nor the bulk 
relaxation modulii are known yet. Consequently, to represent 
engineering stress, i.e., a^, an auxiliary relaxation modulus, 
[E/(l-v)] (t), will be used for the present problem. 
The following assunçjtions are made to formulate stress-strain 
equations that depend on exchange time and temperature in the field-
assisted ion-exchanged glass: 
(1) The structure of an ion-exchanged layer is different from that 
of a "melted" glass of the same composition, as mentioned in 
the previous section. 
(2) Ion exchange with an electric field modifies the 
viscoelastic properties, e.g., such, glasses have shear and 
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volume relaxations caused by the electric field at temperatures 
far below the strain point. 
(3) The relaxation modulus of an exchanged layer is different 
from that of the unexchanged (Figure 7). 
(4) Each relaxation modulus has a single relaxation time. 
At time t, the value of the relaxation modulus of each layer is 
uniform through the layer. 
For example, let [E/(l-v)]^(t) for the exchanged layer, and 
[E/(l-v)]^(t) for the unexchanged layer in Equations (17) and (18) have 
relaxation behavior similar to that of the bulk relaxation modulus in 
Equation (20b), i.e., a standard-linear-solid type of relaxation modulus 
[ 2 6 ] .  
Based on the assumptions above. Equations (17), (18), and (19b) can 
be modified into the following Equations. 
(21) 
(22) 
and 
x(t)<5x(t) + [L - x(t)]o^(t) = 0 (23) 
where R^(t-t') = [E/(l-v)]jj(t-t') for the exchanged layer, R^(t-t') = 
[E/(l-v)]^(t-t') for the unexchanged layer, and e in Equations (21) and 
(22) denotes the axial strain 
a 
m 
3 
exchanged 
layer 
W 
unexchanged layer 
Figure 7. Relaxation modulus R(x,t) of singly ion exchanged-glass at time 
t=tj is defined as 
/R (t ) for 0<x<x(t )=x, ; exchanged layer 
1 ( Ry(t^) for x(tj^)=Xj^<x<L; unexchanged layer 
where x^^ is the ion-exchanged depth and L is the specimen thickness 
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It should be noted that linear dilatation 0 in Equation (21) is 
estimated not from the effective molar volume of alkali oxides in an 
ion-exchanged glass but from the alkali oxide volume of "melted" glass 
of same composition. Therefore, 0 for the present glass is calculated 
as 0.029 (see Section A in the Appendix). Equations (21) and (22) can 
be solved for the unknown £(t) using the boundary condition of Equation 
(23) if the relaxation functions of the exchanged and the unexchanged 
layers, i.e., [E/(l-v)]jj(t) and [E/(1-v)]^(t) are known. Detailed 
solution techniques are introduced in the Appendix, Section B. 
Once strain E (t) is estimated from Equation (23), the time 
dependent stresses in the ion-exchanged glass can be calculated using 
Equations (21) and (22). A computer program was made to calculate 
strain s(t) and stresses, o^/t) and o^(t). Calculations were made on a 
Commodore 54 personal computer. 
2. Standard-linear-solid model 
To visualize the stress relaxation properties of the ion exchanged 
glass, we assume that the fast stress relaxation behavior can be 
approximated fay the two parallel-standard-element-solid model shown in 
Figure 8. The standard-element-solid labeled "A" represents a ion-
exchanged layer. The portion of the model labeled "B" represents the 
parent glass. Because of the plane strain assumption for the ion-
exchanged glass tube, the total axial strain E(t) is uniform for the two 
standard element solid models as shown in Figure 8. 
There are six parameters for the two standard-linear-solids. The 
parameters that need to be specified for the exchanged and the 
K-glasa 
Na-glasa 
I I  I I  I I  I I  t  I I  I I  I I  f  !  I I  
m.u 
2,k 
iC_ T 
<(t) 
h . 4  "ul 
]B 
i  
Figure 8. Assumed strain response of an ion-exchanged glass. An ion-exchanged 
glass is approximated by two parallel standard linear solids. R and 
H are modulus and viscosity of glass, respecively 
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unexchanged regions are the relaxation times, •z^ and the zero-time 
modulii, [E/(l-v)]^(0) and [E/{l-v)]^(0), and the infinite-time modulii, 
[E/(l-v)]^(o.) and [E/(l-v)]^(o.), respectively. Again, subscripts "x" 
and "u" refer to the exchanged and the unexchanged region. Relaxation 
functions, R^(t) and R^(t), in Equations (21) and (22) can be written as 
Rjj(t) = [E/(l-v)]jj(0)exp(-t/Tjj) + [E/(l-v) Jjj(<») [1 - exp^-t/t^)] 
(24a) 
and 
R^(t) = [E/(l-v)]^(0)exp(-t/T^) + [E/(l-v)]^(-)[l - exp(-t/ T ^ ) ]  
(24b) 
It is convenient to define various ratios of the modulii of the two 
standard-linear-solid models shown in Figure 8. 
V'^o = [E/(l-v)]jj(-)/[E/(l-v)]j^(0) (25a) 
V"o = [E/(l-v)]^(-)/[E/(l-v)]y(0) (25b) 
Xo/"o = [E/(I-v)]jj(0)/ [E/(l-v)]y(0) (25c) 
V"o = [E/(l-v)]jj(-)/[E/(l-v)]^(0) (25d) 
Only the modulus at room temperature of the parent glass is known 
(given in the Appendix, Section A). The modulus of the soda-lime-silica 
glass is known to decrease less than 10 % with increasing temperature up 
to the strain point [47]. Therefore, reasonable values of [E/(l-v)]y(0) 
at each ion exchange temperature can be predicted- However, the other 
three parameters in Equations (25a), (25b), and (25c), are not known. 
Assuming first a value of zero time modulus for the exchanged layer. 
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[E/(l-v)]jj(0), the other two parameter values, [E/(1-v)]^(«) and 
tE/(l-v)]y(®) can be determined fay trial and error by comparing the 
computed stresses and strains based on the proposed model with the known 
stress data, and with the measured strains at each ion exchange 
temperature. To validate the parameter values in singly ion-exchanged 
glass, the standard-linear-solid model for a singly ion-exchanged glass 
was extended to doubly ion-exchanged glass, and a viscoelastic model for 
a doubly ion-exchanged glass was presented based on the known stress 
data and tht measured strains in doubly ion-exchanged glasses. 
C. Stress Relaxation Model in Doubly Ion-Exchanged Glass 
In field-assisted ion-exchange strengthening of glass, it is common 
to exchange one surface first and then the opposite surface of the 
specimen. Therefore, an electric field is applied in one direction for 
a period t^ to produce an ion-exchanged layer in one side and then 
reversed for a period, say tg-t^, to ion exchange the opposite side. 
Applying a reverse field modifies the concentration distribution 
produced by the first field. 
Figure 9 shows the stress distribution determined experimentally by 
Shaisha and Cooper [2] as a result of double ion exchange. The shape of 
a potassium concentration profile in the doubly ion-exchanged layer 
measured by Ohta [41] is shown in Figure 10. Prediction of the 
potassium concentration in a mixed alkali layer is necessary to 
formulate stress-strain equations in a doubly ion-exchanged glass. The 
potassium concentration distribution in the mixed-alkali-ion layer is 
1*00 
woo 
•00 
400 
100 
Figure 9. Distribution of principal stress difference in doubly 
exchanged tube inward, then outward at 350 °c [2) 
Flrat Ion exchange 
Second Ion exchange 
x(t) 
Profile at the beginning of second Ion exchange 
-0- Profile after the second Ion exchange 
Figure 10. potassium ion concentration distribution in a doubly ion-exchanged 
glass adapted from Ohta's work [41] 
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discussed in detail in a later section. 
To deal with the stress states in the doubly ion-exchanged glass, 
the glass is divided into three regions, e.g., a mixed-alkali-ion glass, 
a sodium-ion glass, and a potassium-ion glass, as shown in Figure 11. 
As discussed before in the case of a singly ion-exchanged glass, the 
behavior of the stress relaxation in each region is approximated by a 
standard-linear-solid model. Then, the standard-linear-solids in 
parallel as shown in Figure 11 approximate the doubly ion-exchanged 
glass in a plane strain condition. The values of relaxation time, zero 
time modulus, and infinite time modulus of each standard-linear-solid in 
Figure 11 are different from one another. The relaxation function at 
time t is not the same for each layer but is assumed to be uniform 
through a particular layer as shown in Figure 12. 
The following phenomena in each region shown in Figure 12 are 
considered to understand stress development in a doubly ion-exchanged 
glass. 
(1) Mixed-alkali-ion glass region 
(a) Relaxation of the stresses that were initially present as the result 
of the occupation of k"*" ion sites by Na"*" ions. 
(b) Formation of tensile stresses around the K^-Na* exchanging sites due 
to the replacement of ions with the incoming Na^ ions, i.e., 
shrinkage of a ion site is related to the size difference of a k"*" ion 
and a Na^ ion. 
(2) Sodium-ion glass region 
Mixed alkali 
ion-glass 
Krglass 
Na-glass 
1 1 1  1 1  I  1 1  I  I  I  1 1 1  I  I  I  I  I  
Figure 11. Approximation of strain reponse of a doubly ion exchanged 
glass with the three standard linear solids in parallel 
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Figure 12. Relaxation modulus R(x,t) in a doubly ion-exchanged glass at 
time t is defined as 
R(x,t) 
R^(t) for 0<x<x^; mixed-alkali-ion-glass layer 
Ry(t) for X^<X<(L-X2); Na^-glass region 
Rjj(t) for (L-X2)<x<L; K^-glass layer 
where x^ = exchanged depth produced by a single ion exchange, and 
Xg = exchanged depth being produced by a double ion exchange 
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Relaxation of stress caused by the occupation of Na"*" ion sites by Na"*" 
ions. 
(3) Potassium-ion glass region 
(a) Relaxation of stress caused by the occupation of k"*" ion sites by K* 
ions. 
(b) Formation of a compressive stress due to the occupation of Na"*" ion 
sites fay the ions, i.e., expansion of a Na"*" ion site is related to 
the size difference of a K"*" ion and a Na^ ion. 
To estimate residual stress profiles during the double ion 
exchange, the concentration profile of ions should be known (see 
Section 2 in this Chapter). The same method used for strain and stress 
calculations in the singly ion-exchanged glass is applied to the case of 
doubly ion-exchanged glass using the estimated concentration profile to 
obtain the strain and stress. In the following section, a macroscopic 
model of the field-assisted ion-exchanged glass is presented. 
1. Formulation of the stress-strain equations 
Considering the stress relaxation processes in the doubly ion 
exchanged glass mentioned above, and knowing the concentration 
distribution function in the mixed-alkali-ion glass layer, the following 
equations are formulated for the three different regions in the doubly 
ion-exchanged glass (Figure 11). 
For the mixed-alkali-ion glass layer, 
02,m(='t) = *l,x(t) + / )]dt' (26) 
o  
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where 
ol,x(t) = - e%p(-t/tm)] ^27) 
where H = [E/(l-v)]„(-)/[E/(l-v)]„(0) 
m m (H 
For the sodium-ion glass region. 
For the potassium-ion glass layer, 
*2,x(t) = 0% y(t) + Ç Rjj(t-f)|p[E(t') - *(t')]dt' (29) 
where 
®1 u(t) ~ 0^ ,_j(0)[exp(-t/T^) + H^[l - exp(-t/T^)] (30) 
where = [E/(l-v)]y(<»)/[E/(l-v)]^(0) 
R^(t) and R^ft) were given in Equations (24a) and (24b), respectively. 
Subscripts "1" and "2" refer to the single ion exchange and the double 
ion exchange. Subscripts "m", "u", and "x" refer to the mixed-alkali-
ion glass, Na*-glass, and K^-glass as shown in Figure 11. Notations 
used for the formulations of stress-strain equations in the singly ion-
exchanged glass have same meaning as in the doubly ion-exchanged glass. 
R^(t) in Equation (26) is defined as a relaxation modulus in the mixed-
alkali-ion layer which is expressed as 
R (t) = [E/(l-v)]„(0)exp(-t/T ) + [E/(l-v)]„(-)[l - exp(-t/T )] (31) 
m ui iQ in fu 
where is the relaxation time of mixed-alkali-ion layer, and 
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[E/(l-v)]jjj(0) and [E/Cl-v)]^^") are the zero and infinite time modulii 
of mixed-alkali-ion layer, respectively. 0^(x,t) in Equation (26) is 
defined as a linear dilatation caused by the replacement of potassium 
ions with sodium ions in the mixed-alkali-ion layer during the double 
ion exchange, ^(0) in Equations (27) and (30) are the 
compression stress in the exchanged- layer and the tension stress in the 
unexchanged layer in the singly ion-exchanged glass after the first ion 
exchange, i.e.. 
where t^ is the first ion-exchanga period in one direction. 
The following assumptions are made to set up Equations (25), (28), 
and (29). 0^(x,t) can be expressed as 
where a is defined as an effective negative dilatation coefficient. 
Using a, it is assumed that the negative linear dilatation in the doubly 
ion-exchanged layer during the second ion exchange can have a different 
value than the one used in the single ion exchange process, e.g., # 
result in shrinking of the alkali site, and produce high tension around 
the exchange sites in the mixed alkali layer. In this work, the value 
of o is assumed to be one. The negative linear dilatation is assumed 
proportional to the concentration of sodium ions. 
(32a) 
(32b) 
0^(x,t) = a X (f X fj^^(x,t) (33) 
1*1 . Substitution of a larger ion (K^) with a smaller ion (Na"*") may 
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Using Equations (26), (28), and (29), the following force balance 
is formulated. 
where is the thickness of the layer produced during the initial 
exchange period of time t^ on one sides, L is the thickness of the 
specimen, and x(t) is the thickness of the ion-exchanged layer being 
produced during the second exchange time t. Equation (34) can be solved 
for the strain eft) if x^, L, x(t), and other parameters are known. 
Calculated values of e(t) are substituted into Equations (25), (28), and 
(29) to estimate stress profiles of each region. Solution methods are 
introduced in the Appendix, Section C. In calculation of the strain 
s(t), the parameter values determined for the exchanged and the 
unexchanged layer in singly ion-exchanged glass were those used for the 
sodium-ion glass layer and the potassium-ion glass layer, respectively. 
Parameter values such as and [E/(l-v)]^(-), were determined by trial 
and error comparing the computed stresses and strains with the stress 
data of Shaisha and Cooper [2] and the measured strains from this study 
at the appropriate ion-exchange temperature. 
2. Profile of ions in mixed-alkali-ion layer 
During a field-assisted ion exchange with two mobile species, e.g., 
Na and K , there are at least two concentration gradients and potential 
gradients. Two cases are distinguished to characterize the 
concentration profiles of the mobile ions. One is the stable case where 
(t)dx + Ct)dx = 0 
L 
(34) 
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the mobility is an increasing function of distanci.» in the direction of 
the ionic flux, e.g., single ion exchange, such as replacement of sodium 
ions in the parent glass with potassium ions from a potassium salt melt, 
as seen in the right side of Figure 10. The other case is the unstable 
one where the overall mobility is a decreasing function of distance in 
the exchange direction, e.g., replacement of potassium ions in singly 
exchanged layer with sodium ions in parent glass as seen in the left 
side of Figure 10. 
Here, we are interested in the unstable case occurred in the mixed-
alkali- ion layer. An approximate solution of concentration profiles of 
mobile ions in the unstable case was presented by Abou-el-leil and 
Cooper [7]. In this research, their solutions are used to represent the 
stress profiles in a mixed-alkali-ion layer. For example, potassium 
ions have the following concentration profile in the mixed-alkali-ion 
glass region. 
* * 
For t > t^ 
*""" * * * * * 
(x ,t ) = c^ (x ,t -t^ ) + [1 - c^ (0,t -t^ )]exp(-mx ) 
(35) 
* * 
where, for t^ > t^ , 
*  *  *  *  *  (  *  * *  
=k (= '*2 ) = cr + -cr ) 
* [s -V t * % -'l (36) 
1 2 j 
[1 + (m-l)c^ ] 
Here 
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and 
mu = modified unstable solution 
u = unstable solution 
K = potassium ion 
* * 
and = normalized initial concentration of potassium ion 
* * * 
to the right and to the left of the x = v t line 
at 
t = normalized time when second ion exchange begins (or 
the period of the first ion exchange time 
m = mobility ratio of k"*" and Na^, and based upon their 
self-diffusion coefficients, 
V = normalized reference frame velocity defined below. 
To find out the true solution of Equation (35) which 
satisfies the boundary condition, c^ = 1 at x =0, solution c^ of 
Equation (36) is substituted into the Equation (35). In the above 
* * * * 
equation, the variables, x , t , c , and v , are normalized as follows 
[7]. 
* LO" * * =K ^ » V 
" 's;-
where 
= total alkali ion flux density 
= sum of the k"*" ion and Na"*" ion concentrations in the glass, 
i.e., total alkali ion concentration in a parent glass 
= self-diffusion coefficient of k"*" ion 
t = exchange time 
Cjç = concentration of potassium ion in a mixed-alkali-ion layer 
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and 
V = reference frame velocity defined as v = j /C 
o o o o 
The following values of the parameters and variables are 
* 
substituted into Equations (35) and (36) for the glass sample : and 
* 
are determined from the boundary conditions and from the glass 
* 
composition given in the Appendix, Section A, respectively, i.e., = 
* + + 
1 and Cg = 0.04. The self-diffusion coefficients for K and Na in the 
present glass were adopted from the works of Shaisha and Cooper [48]. 
They obtained k"*" and Ag"*" diffusion coefficients in the same glass used 
in this work by two independent equations, the Nemst-Einstein equation 
and the Crank Equation. The diffusion coefficient of Na"*" was assumed to 
be the same as that of Ag"*" [48]. Their estimated diffusion coefficients 
of k"*" and Ag^ in Table II were extrapolated when necessary to evaluate 
the diffusion coefficients, and at the temperatures used in this 
study. Mobility ratios were then evaluated. 
* 
The normalized time period of single ion exchange, t^, is 
estimated as 
» *1^ » * 
^ = -5^ ="5^^ = for V = 1 (37) 
where x^ is the ion-exchanged depth during the ion-exchange time period 
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Table II. Diffusion coefficients for alkali ions in the 
exchanged layer [48] 
Temperature (°K) Diffusion coefficient (m^/sec) 
K Ag 
Nemst-Ejnstein equation 
700 (5.8 t 2.3) X (4.1 ± 1-8) x lO'^^ 
735 1.7 X lO'lG 12 X lO'lS 
Crank equation 
-17 -15 
710 36 X 10 10 X 10 ^ 
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V. RESULTS AND DISCUSSION 
A. Singly Ion-Exchanged Glass 
1. Eiqaerimental and computed results 
Figures 13 and 14 show the plot of measured and computed strains 
versus the ion-exchanged depth in singly exchanged glass at exchange 
temperatures 290 °C and 380 °C, respectively. Two constant currents, 10 
mA and 45 mA were used to ion exchange the outside surfaces at the two 
temperatures. Each data point indicates the strains at the end of the 
ion exchange period for a predetermined ion-exchanged depth. The total 
ion-exchanged depth varied from 4 ym to 12 ym. The ion-exchange times 
to obtain 12 ym exchange depth were 15 minutes at 46 mA, and 74 minutes 
at 10 mA. As shown in Figures 13 and 14, the strains were linear with 
the exchanged depth. 
The measured strains at 290 °C in Figure 13 indicated that the 
strains produced by 10 mA were slightly larger than those by 46 mA. 
However, in ion exchange at 380 °C, a larger current (46 mA) yielded 
larger strains than the smaller current (10 mA), as shown in Figure 14. 
Overall, measured strains at 290 °C are larger than the ones at 380°C, 
as shown in Figures 13 and 14. 
A statistical test, the pair comparison t-test [49], was applied to 
the strain data in Figures 13 and 14. A null hypothesis, = 0' 
where and are means of two populations, was tested for each of the 
two sets of strain data in Figures 13 and 14. Two levels of 
significance, % = 0.01 and Z = 0.025 were employed for the t-test. 
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Figure 13. Measured and computed axial strains versus ion 
exchanged depth at 290 °C; 16 minutes were required 
to exchange outside surface to 12 ym using 46 mA 
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Figure 14. Measured and computed axial strains versus ion 
exchanged depth at 380 °C 
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Computation results of It| are as follows. 
1) £^(290 °C, 45 mA) and £^(290 °C, 10 mA) 
(i) Itl = 2.42 < t, 01 13=2.55 
(ii) |t| = 2.42 > tg 025, 13 = 2.15 
2) 2^(380 ° C ,  45 mA) and £^(380 °C, 10 mA) 
(i) Itl = 8.44 > t, 01 10.= 2.764 
(ii) Itl = 8.44 > to 025, 10 = 2-228 
3) 2:2(380 °C, 45 mA) and s ^ i 2 9 0  ° C ,  45 mA) 
(i) Itl = 2.523 < tool, 12 = 2-681 
(ii) Itl = 2.523 > t, 025, 12 = 2.179 
4) £^(380 °C. 10 mA) and £2^290 ° C ,  45 mA) 
(i) Itl = 5.917 > to 01, 12 = 2.681 
(ii) It| = 5.917 > ^0 025, 12 ~ 2.179 
The first and the second subscript of t denote the level of significance 
and the degree of freedom, respectively. 
From the t-test results above, we can say that for the measured 
strains at 380 °C, strains produced by 10 mA are different from those 
produced by 45 mA. Strains produced at 290 °C, however, may not depend 
on the magnitude of the applied current. It can be noted that strains 
produced by 46 mA at 380 °C may not be different from those produced by 
46 mA at 290 °C. This latter result is consistent with the curvature 
data reported by Ohta and Hara [11]: Curvature of specimens exchanged 
to a constant depth was independent of exchange temperatures. 
To compute stresses using Equations (21), (22), and (23), for which 
solution methods are given in the Appendix, Section B, the following 
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parameter values were chosen. Initially, = 12 seconds. Based on 
Shaisha and Cooper's experimental results in Figure 2b a relaxation time 
of 12 seconds is effectively instantaneous for all the reported 
experiments [2, 11] including this work, = - and u /u^ = 1 from the 
fact that glass is elastic far below the strain point. Xg/u^ =1.2 for 
both exchange temperatures 290 °C and 380 °C, based on the assumption 
that the modulus of the ion-exchanged glass is larger than that of the 
parent glass, due to a density increase in the ion-exchanged layer [50]. 
X /x =0.35 and x /x =0.27 for exchange temperatures 290 °C and 380 
m O O 
°C, respectively; determined by trial and error from the known residual 
2 
stress data of Shaisha and Cooper in Figure 2a, i.e., 1180 MN/m at 290 
°C and 580 MN/m^ at 380 °C. Other parameters used for computations of 
strains are given in section A in Chapter IV in this paper. 
In Figure 13, computed strains agree with the experimentally 
obtained strains using a current of 45 mA at 290 °C. At 380 °C, 
measured strains using two different currents are much larger than the 
computed ones, as shown in Figure 14. These two results implicitly 
indicate that the assumption of elastic behavior for the unexchanged 
layer at 290 °C is appropriate using a current of 45 mA, while such an 
assumption does not hold for the unexchanged layer at 380 °C. However, 
it is not clear why larger strains were obtained for a current of 10 mA, 
i.e., longer ion exchange times, for samples ion exchanged at 290 °C. 
To explain the measured strain data at 380 °C, the unexchanged 
layer was treated as a viscoelastic material represented by a linear-
standard- element solid. In this case, the relaxation time of 
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unexchanged layer was assumed to be the same order of magnitude as 
the one for the exchanged layer, e.g., 12 seconds, and x /x^ was treated 
as a variable. As expected, calculations show that the smaller the 
value of u /u^, the larger the calculated strain in the ion exchanged 
glass. For measured strains using currents of 10 mA and 46 mâ in Figure 
14, it was found by trial and error that the value of u /u^ falls 
between 0.83 and 0.77 as shown in Figure 14. 
2. Relaxation times of the exchanged and unexchanged layers 
If stress relaxation occurs in the field-assisted ion-exchanged 
glass, the stress relaxation time is shorter than 100 seconds as 
discussed by Shaisha and Cooper [2]; they could not find a residual 
stress difference between a 100 second-ion-exchanged glass and a 7200 
second-ion-exchanged one as shown in Figure 2b. Ohta [42] estimated 
that the magnitude of the relaxation time in a field-assisted ion-
exchanged glass was about 100 seconds, and was independent of the 
exchange temperature. For the present relaxation model, is assumed 
to be 12 seconds, and independent of the exchange temperature. There 
are two choices in determining the relaxation time of the unexchanged 
layer. First, we can assume that the relaxation time of the unexchanged 
layer is similar to the relaxation time of the exchanged layer. The 
second choice is to treat to the relaxation time of the unexchanged 
layer as the ordinary shear viscous stress relaxation time dependent on 
exchange temperature. In this case, the stress relaxation time can be 
calculated for a given temperature if the strain point of the glass and 
the shear relaxation modulus at room temperature are known [43]. It can 
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be shown that the glass behaves as an elastic material well-below the 
strain point of a given glass. Therefore, well-below the strain point 
of the glass (486 °C), e.g., T < 400 °C, the relaxation time of the 
unexchanged layer was treated as infinite. However, measured strains at 
390 °C showed the necessity of shear or structural relaxation due to the 
fast movement of sodium ions in the-parent glass. Therefore, we must 
reject the second choice. Figure 14 indicates that the modulus of the 
parent glass decreases by as much as 20 % of the value of the modulus at 
a room temperature. 
3. Modulus ratio of the exchanged and unexchanged layers 
In "melted" glass, the Young's modulus can be approximately 
predicted by the methods of Makishima and Mackenzie [51] and of Yamane 
and Sakaino [52], both based on the bond-energy-related properties of 
the constituent oxides. According to their models, for a given sodium 
silicate glass composition, substitution of potassium oxide for sodium 
oxide in the "melted" glass yields about a 10 % lower value of Young's 
modulus for the "melted" potassium silicate glass, which is close to the 
experimentally measured values by Appen, Kozlovskaya, and Can [53]. The 
decrease of Young's modulus values in the case of potassium silicate 
glass is often explained by the increase in volume as large modifiers, 
i.e., potassium oxide in this case, are added to the glass. The 
increase in volume in a glass means that more strain can be accommodated 
by Si-O-Si bond bending before adjacent oxygen ions touch or repel each 
other, thereby decreasing the Young's modulus. Recent studies of the 
dependence of Young's modulus on the specific volume and the structure 
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in alkali silicate and alkali aluminosilicate glasses can be found in 
the works of DeGuire and Brown [54]. 
It is expected that the density of the ion-exchanged layer is 
different from the "melted" glass of the same composition, as suggested 
by Varshneya [38] . In fact, glass fibers ion exchanged by a chemical 
concentration gradient without field-assist were found to be densified, 
compared with the equilibrium densities of the corresponding 
compositions. Mackenzie and Wakaki [50] reported a 12 % increase in 
room temperature average Young's modulus following exchange of Na"*" for 
Li"*" in a glass containing 30 % alkali. Considering the observed values 
as an average value of the exchanged and unexchanged layers, we may 
assume that the increase of Young's modulus of an ion-exchanged layer is 
much greater than the average 12 % increase. 
In a field-assisted ion-exchanged glass, the Young's modulus of the 
ion-exchanged layer may increase to a larger value than that of the 
unexchanged layer as indicated by the work of Mackenzie and Wakaki [50]. 
At the present time, there is no experimental data for the modulus of 
the field-assisted ion-exchanged layer at room temperature, or at the 
ion-exchange temperature. For computational analysis the following 
three different zero time modulus ratios of the exchanged and the 
unexchanged layer, x^/u^, were employed; (i) x^/u^ = 1, (ii) x^/u^ = 
1.12, (iii) Xg/Ug = 1.2. The possible temperature dependency of x^/u^ 
was ignored in this study. For each x^/u^, there was a unique x /x^ 
which yielded a corresponding residual stress at a particular ion 
exchange temperature as shown in Figure 2a. The following values of 
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X /x were found by trial and error. 
o» 0 
1) X /x = 0.438 at 290 °C and x /x = 0.32 at 380 °C for x /u =1 
CO O m 0 0 0 
2) X /x = 0.391 at 290 °C and x /x = 0.286 at 380 °C for x /u = 1.12 
« •  O  0 »  O  G O  
3) X /x = 0.365 at 290 °C and x /x = 0.267 at 380 °C fof s /u = 1.2 
m O m O O  O  
Computation results showed that calculated strains at a particular 
temperature, i.e., 290 °C or 380 °C, were the same for the above three 
combinations of x /x and x /u at each exchange temperature. This 0» o o o 
implied that the computed strains did not depend on the particular value 
of X /x and x /u as long as the combination of x /x and x /u yielded 
• •  O  O  O  « B O  O O  
the fixed value of the computed stress and strains, or (x^/x^)(x^/u^) = 
constant at each exchange temperature. 
In the present stress relaxation model, x /x^, the ratio of the 
infinite time modulus and the zero time modulus of the exchanged layer, 
mainly determines the magnitude of residual stresses in the ion-
exchanged glass but has little effect on the magnitude of strains in the 
ion-exchanged glass. It was found that the strain of ion-exchanged 
glass was determined by u /u^, the ratio of infinite time modulus and 
zero time modulus of the unexchanged layer, at a fixed value of x /x , 0» o 
e.g., given stress state in an ion-exchanged glass. These facts 
indicate that knowledge of the absolute value of x /u is not a 
o 0 
necessary condition to determine the exchange temperature-dependent 
stresses and strains in the field-assisted ion-exchanged glass. 
To explain the temperature-dependent residual stresses in a field-
assisted ion-exchanged glass, the ratio of the infinite time modulus and 
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the zero time modulus of the exchanged layer, x /x^ is treated as a 
variable ranging from 0.25 to 0.5 depending on the exchanging 
temperature. This treatment is a consequence of the facts that the 
exchange temperature-dependent compressive stresses are affected by the 
value of X /x only. Thus, exchange-activated relaxation should be 
» o 
occurred in the exchanged layer. In Table III, computed x /x^'s and 
strains at several ion exchange temperatures are listed. Stress data in 
Figure 2a, material values in section A in Chapter IV and the following 
parameter values are employed for the computations,- = 12 seconds, 
= », X /u =1.2 and u /u =1. It can be seen that the calculated 
o o «• o 
strains in Table III are basically the same as the ones in Table I, 
which are obtained from the effective dilatation coefficient model. 
This is a consequence of the assumptions made for the present stress 
relaxation model that the stress relaxation time is shorter than the 100 
seconds, and the unexchanged layer behaves as an elastic material well-
below the strain point. 
4. Discussion 
Estimated strains based on the stress and strain data of Shaisha 
and Cooper [2] and Ohta and Hara [11] are compared with the measured 
strains in this work. The cross-hatched area on Figure 15 indicates the 
range for various interpretations of Ohta and Hara's data [11]. Open 
circles in Figure 15 denote the computed strains if the stresses 
reported by Shaisha and Cooper [2] are elastic; larger stresses yield 
larger strains. From the curvature data of bent ion-exchanged disks as 
shown in Figure 4, it can be seen that the strain in the bent specimen 
Table III. Estimated x^/x and axial strains using a viscoelastic model. 
Ion-exchanged depth of 12 pm was assumed 
Temperature 200 250 300 350 400 450 
(°C) 
Axial stress 1500 1400 1250 1050 900 750 
X /x 0.42 0.39 0.35 0.29 0.25 0.21 
M O 
Eg 15.1 14.1 12.6 10.5 9.0 7.5 
( x 10"s) 
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Figure 15. Comparison of computed axial strains based on known 
stress and strain data [2, 11] with measured strains 
in this work 
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is either constant or varies with an exchanged depth; when the slope in 
Figure 4 is measured from the origin, it decreases with exchanged depth. 
This implies that strain of an exchanged specimen depends on the 
exchanged depth but not on the exchange temperature. However, the slope 
in Figure 4 is almost constant, implying that strain depends neither on 
exchanged depth nor on temperature- The measured strain data in this 
work indicate that strains produced by 46 mA at 290 °C are close to 
those by 45 mA at 380 °C. Based on the strain data produced by 45 mA in 
this study, and the curvature data by Ohta and Hara [II], it is very 
possible that the ratio of the relaxation modulii for the exchanged and 
unexchanged layer in field-assisted ion-exchanged glass does not vary 
with exchange temperature. 
The occurrence of fast stress relaxation in a for Na"*" exchanged 
NagO-AlgOg-SiOg çl3SS fiber without field assistance [29] suggests that 
exchange-activated relaxation occurs in both normal and field-assisted 
ion-exchanged glass. The magnitudes of measured stresses at 350 °C and 
400 °C, after 15 minutes of ion exchange without field assistance, were 
the same as those obtained by Shaisha and Cooper [2], who used an 
electric field for ion exchange. 
Neither these experiments, nor those reported by Shaisha and Cooper 
[2], Ohta and Hara [11], or Krohn [29] can distinguish between shear and 
compaction processes. However, Mackenzie and Wakaki's work [50] 
indicates that some compaction of the exchanged layer occurs since the 
apparent density of the exchanged layer is higher than that expected. 
73 
Unusual relaxation of an unexchanged layer where sodium ions occupy 
sodium sites seems to occur at higher temperature, i.e., 380 °C. 
Because a sodium ion moving to a sodium ion site doesn't impose a size 
difference, the existence of the electric field during field-assisted 
ion exchange may be responsible for the relaxation of the unexchanged 
layer. It is known that high energetic ion or electron bombardment 
affects the viscosity of silicate glass as reported by Primak [55, 56]. 
Effects of Na^^Na* ion exchange on stress relaxation in glass were 
further investigated by two independent experiments; 
1) Creep test of a Na^-Na^ ion-exchanged glass using an Instron 
machine; at 380 °C a constant current of 10 mA was applied to 
exchange Na"*" for Na"*" in a glass tube under a bending 
stress of about 3 MN/m^. 
2) Photoelastic measurements of a Na^-Na* ion-exchanged 
as-received glass tube; a constant current of 46 mA was used 
to obtain an exchanged depth of 12 ]jm at 380 °C. Stress in 
the Na*-Na* ion-exchanged glass was compared with that in 
an unannealed as-received glass by photoelastic measurement. 
Neither experiment showed an apparent stress relaxation in a Na*-Na^ 
ion-exchanged glass. It may be possible that effects of a Na^-Na^ ion 
exchange on stress relaxation were too small to observe. The observable 
limit for the rate of stress relaxation was O.OS/min. 
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B. Doubly Ion-Exchanged Glass 
Shaisha and Cooper [2] reported that the stress in the doubly 
exchanged layer was significantly less than for single exchange as shown 
in Figure 2b (Chapter I). The present study of the mixed-alkali-ion 
layer is concerned with the stress relaxation characteristics as 
functions of exchange temperature and integrated flux of exchanged ions 
of the first and the second ion exchange. In this section, relaxation 
behavior of a mixed-alkali-ion layer was studied using the results of 
strain measurements in doubly ion exchange experiments and published 
stress data. 
1. Experimental and computed results 
The relaxation modulus R^(t) of a mixed-alkali-ion layer is 
postulated to depend mostly on the relative amount of the integrated 
flux of the second ion exchange compared to the one of the first ion 
exchange at a given ion-exchange temperature. To discuss the relaxation 
modulus in a mixed-alkali-ion layer, it is convenient to introduce a 
dimensionless integrated flux ratio Q^, defined in this work as 
where and are the integrated fluxes during the first and the 
second ion exchange, respectively. For 'example, if the same magnitude 
of a constant current is applied to obtain the same depth of exchanged 
layer outside and inside of a glass tube for the same length of time, 
then = 1 at the end of the second ion exchange. 
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The reason for introducing this change in coordinates is that the 
strains measured during double ion exchange show that the shape and 
magnitude of strain curves produced by different currents, e.g., 46 mA 
and 10 mA, were similar. This implies that the relaxation time for the 
strain curve produced by 10 mA is simply 4.6 times longer than that 
produced by 46 mA. Since the second ion-exchange time t is related with 
the second integrated flux Q^, we can substitute the second integrated 
flux for exchange time t in the relaxation function for a mixed-
alkali- ion layer. Thus, it appears that time is not the primary 
variable and "t/t" has no direct meaning. It is only the integrated 
ionic current that is important. Therefore, the relaxation of a mixed-
alkali-ion layer R^(t) is treated as a function of instead of the 
actual time t. 
Figure 16 shows the fraction of potassium ion occupied sites, P^, 
in the mixed-alkali-ion layer versus Q^. The mobility ratio of 
potassium ions and sodium ions m, for a glass used in this study, is 
known to be 0.01 ~ 0.03 as shown in Table I in Chapter IV. In this 
research, m = 0.01 and m = 0.03 were employed for all the stress and 
strain calculations below. In Figure 16, the fraction is plotted for 
the mobility of 0.01, 0.03 and 0.06 for comparison. As expected, when 
the mobility ratio is larger, more potassium ions diffuse out from the 
mixed-alkali-ion layer. It is seen that at = 10, the value of P^ is 
about 0.5 for m = 0.01, and is less than 0.5 for m > 0.01. 
In Figures 17a and 17b, computed strains for m =0.01 and m = 0.03 
are compared to the measured strains during double ion exchange at an 
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Figure 17b. Computed and measured axial strains at 380 °C 
versus Q^. Mobility ratio m=0.03 was used in computation 
exchange temperature 380 °C. The outside of a glass tube was first 
exchanged using a constant current of 10 mA, or 45mA, to obtain an ion 
exchanged depth of 12 ym. The same magnitude of current was employed 
during reverse exchange to obtain a 12 layer, i.e., = 1. To find 
a normalized relaxation modulus function R^(Q^) which fit the strain 
data, a standard-linear-solid type relaxation function was assumed such 
as R^(Q^) = exp(-pQ^) + q[I - exp(-pQ^)], where p and q are the 
constants to be determined by known stress data and measured strain 
data. To calculate the strains, the relaxation modulus equation above 
was substituted into Equation (26) in Chapter IV, in which stress 
profiles of a mixed-alkali-ion layer were assumed directly proportional 
to the concentration distribution of the potassium ions in the layer. 
In Figure 18, based on the stress data in Figure 2a in Chapter I, 
the values of R^(Q^) at = 1 are plotted as a function of the exchange 
temperature. It can be seen that at an exchange temperature 380 °C, 
R^(l) = 0.283. By trial and error, parameters p and q, which satisfied 
R (1) = 0.283, as well as measured strain data in Figure 17a, were 
determined. As a result, using the standard-linear-solid type of 
relaxation an equation was obtained for an exchange temperature 380 °C. 
Rm(Qr) = exp(-4Q^) + 0.27[1 - exp(-4Q^)] where 0<Q^<1 (39) 
It is shown in Figures 17a and 17b that the measured strains are 
bound between u /u^ = 1 and u /u^ =0.83 using Equation (39). In single 
ion exchange experiments at 380 °C, computed strains with u /u^ = 0.77 
and u /u^ =0.83 agreed better the observed strains as shown in Figure 
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Figure 18. Normalized relaxation modulus in a mixed alkali ion 
layer versus exchange temperature based on the data in 
Figure 2a 
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14. 
Stress profiles computed for the mixed-alkali-ion layer are shown 
in Figures 19 for the two different mobility ratios as a function of Q^. 
Because of the assumption that stress profiles follow the potassium ion 
concentration profiles, the shapes of the computed stress profiles are 
the exactly same as the potassium ion concentration profiles. 
In Figures 20a and 20b, measured and computed strains at an ion-
exchange temperature of 290 °C are shown. An outside ion-exchanged 
depth of 7 pm was obtained first, using a current of 10 mA, and the same 
ion exchanged depth was obtained during double ion exchange at a 
constant current of 4 mA. Unlike the strain at 390 °C, the measured 
strain at 290 °C does not show a minimum. The measured strain curve and 
the relaxation modulus value R^^l) = 0.43 were fit with the following 
two different normalized relaxation modulus functions. 
R^(Q^) = exp(-O.OlQ^) - 45.23[1 - exp(-O.OlQ^)] for 0<Q^<1 (40) 
\(Qp) = exp[-(0.785Qp)2] for 0<Q^<1 (41) 
Equations (40) and (41) appear to fit the measured strains better using 
m = 0.01 than m = 0.03. 
In Figures 21a and 21b, the computed stresses are shown. At 0^ = 
1, the computed stress at the surface of the mixed-alkali-ion layer fits 
the known stress in Figure 2a in Chapter I. The normalized relaxation 
function given by Equation (41) results in a more rapid decrease of 
stress than the one given by Equation (40) as shown in Figures 20a and 
20b. 
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2 .  Relaxation function of mixed-alkali-ion layer 
Relaxation functions expressed by Equations (39) and (40) are 
plotted in Figure 22. It can be seen in Figure 22 that the shape of the 
relaxation curve at 290 °C is markedly different than the one at 380 °C. 
It is common to treat a shear or a bulk relaxation of glass as a 
thermo-rheologically simple property. For a thermo-rheologically simple 
material, the temperature and time scales of a relaxation modulus are 
related to each other by so-called time scale or shift function *^(1), 
defined as 
- Ty) (42) 
and 
$ = *s(T)dt' 
where T = temperature 
= arbitrary base temperature 
D = constant determined fay the physical property of interest 
$ = shift time 
t = actual time 
Therefore, an increase in temperature produces modification of 
relaxation characteristics by contraction of the time scale of the 
relaxation modulus at the base temperature by a factor ^^(T). 
For example, Lee et [19] determined D = 0.0381 at a base 
temperature = 538 °C for shear stress relaxation in a soda-lime-
silica glass studied by Van Zee and Noritake [17]. In a similar manner, 
Kurkjian [3] showed that his shear relaxation data for plate glass at 
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Figure 22. Estimated normalized relaxation moduli of a mixed alkali 
ion layer as a function of dimensionless integrated flux 
ratio 
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various stresses and at various experimental temperatures could be drawn 
in a single curve, a so-called master curve, at a base temperature 473 
°C. Kurkjian found that all the normalized relaxation curves could be 
fit by the following fractional exponential equation. 
R(t) = exp(-bt^) (43) 
where b = constant dependent on the temperature, i,e, shift function 
#g(T), and X = constant, i.e., 0.5 for glass studied fay Kurkjian. 
The stress relaxation behavior of the mixed-alkali-ion layer was 
studied in terms of a dimensionless integrated flux ratio Q^, to 
determine if the layer behaves as a thermo-rheologically simple 
material. The following three different normalized relaxation functions 
for the mixed alkali ion layer were considered. 
1) R^(q^) = exp(-q^^'S) (44a) 
2) R^(g^) = e3q3(-q^) (44b) 
3) R^(q^) = exp(-q^2) (44c) 
where q^ = J ,f,g(T)dq^' and log^g *g(T) = D(T - T^). Here, q^ is 
defined as a shift dimensionless integrated flux ratio, and Q^, ^^(T) 
and D were defined in previous section. It should be noted that 
Equations (44a), (44b), and (44c) have different values of constant D. 
A base temperature T^ = 355 °C was chosen arbitrary on the ground that 
the value of relaxation modulus R^(l) in Figure 18 becomes 0.266 (= 
e ^). Using Tj^ = 355 °C, D's for Equations (44a), (44b), and (44c) were 
determined by fitting the relaxation modulus data for = 1 at 
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different temperatures in Figure 18. Computation results show that 
1) D = 0.00578 for Equation (44a) 
2) D = 0.00289 for Equation (44b) 
3) D = 0.00144 for Equation (44c) 
In Figures 23a, 23b, and 23b, computed normalized relaxation modulii 
curves, as well as the observed normalized modulus values at = 1, 
were drawn. It can be seen that the computed modulii at = 1 using 
the single relaxation curves do not agree with the relaxation value 
computed from the known stress data at 250 °C and 400 °C, but fit well 
with the ones at 200, 300,350 and 450 °C. Moreover, relaxation curves 
based on strain measurements during double ion exchanges, at two 
temperatures, do not fit any of the relaxation function types of 
Equations (44a), (44b), and (44c) as shown in Figures 24a and 24b. 
Therefore, the doubly ion-exchanged layer deviates from thermo-
rheologically simple material behavior. Comparison of the measured 
relaxation curve shapes with the three assumed relaxation functions 
indicates that the measured normalized relaxation curves at 290 °C in 
Figure 24b can be fit to a linear combination of Equations (44a), (44b) 
and (44c). Additional low order exponential functions, i.e., 0.5>X, 
where X is defined in Equation (43), seem to be required to fit the 
observed normalized relaxation modulus at 380 °C as shown in Figure 24a 
Figure 23a. Computed normalized relaxation moduli as a function of 
Qp when R|^(Q^.)=exp(-Q^^ " ^ . Open circles denote 
normalized relaxation moduli based on the experimental data 
in Figure 2a and Figure 18 
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Figure 23b. Computed normalized relaxation moduli as a function of 
when Rg^(0^)=exp(-Q^). Open circles denote 
normalized relaxation moduli based on the experimental data 
in Figure 2a and Figure 18 
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Figure 23c. Computed normalized relaxation moduli as a function of 
Qp when Rg^(Q^)=exp(-Q^^). Open circles denote 
normalized relaxation moduli based on the experimental* data 
in Figure 2a and Figure 18 
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VI. CONCLUSIONS AND RECOMMENDATIONS 
&. Conclusions 
The following conclusions have been obtained on the basis of the 
strain measured in this work, and stress and strain measurements from 
other workers [2, 11, 29] 
1) There is exchange-activated relaxation in the exchanged layer of 
field-assisted ion-exchanged glass. 
2) The exchange-activated relaxation does not depend on the electric 
field. It occurs in both normal and field-assisted ion-exchanged glass. 
3) The ratio of the relaxation of the exchanged layer (K^ - Na*) and the 
unexchanged layer (Na* - Na*) is independent of exchange temperature. 
4) Exchange-activated relaxation occurs on reverse exchange; i.e., Na* -
K* or K* - Na* causes relaxation of pre-existing stresses. 
5) The doubly ion-exchanged layer deviates from thermo-rheologically 
simple material behavior. 
B. Recommendations 
While this study has clarified several aspects of the field-
assisted ion-exchange process, further work in the following areas is 
required for a better understanding of the development of stress in 
field-assisted ion-exchanged glass. 
To clarify stress relaxation mechanisms in field-assisted ion-
exchanged glasses it is necessary to develop experimental techniques 
which separate volume and shear relaxation during the field-assisted 
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ion-exchange process. Measurement of density change in the ion-
exchanged layer, by ellipsometry for example, would be useful to 
separate shear and dilatation effects. 
The effects of Na*-Na* exchange on stress relaxation should be 
investigated. Strain effects might be explored with creep experiments 
while the evolution of stress might -be followed with precise 
photoelastic analysis. The exact nature of stress and strain 
development during field-assisted ion exchange can not be elucidated 
without precise measurements of local stress and strain. 
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IX. APPENDIX 
A. The Physical Properties of R-6 Glass 
1. Composition 
(Oxide) (Molecular) (Mole %) (Weight) 
weight 
Si02 60.06 67.7 40.66 
B2O3 69-6 1.5 1.044 
^^2°3 101-9 2.8 2.353 
*2° 94-2 0.6 0.565 
Na^O 62-0 15.6 9.672 
CaO 55-1 5.6 3.142 
MgO 40.3 4.0 1.612 
BaO 153-4 2.0 3.068 
2. Material properties 
Young's modulus 
Volume resistivity 
Strain point 
Density 
Refractive index 
Stress-optic coefficient 
Expansion coefficient 
7.51 X lo"^ HPa 
10^'^ ohm-cm at 350 °C 
486 °C 
2.53 g/cm^ 
1.52 (Sodium D line) 
2.6 mu/cm/kg/cm 
93 X 10"^/°C (0 - 300 °C) 
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3. Calculation of linear dilatation of sample glass 
A linear dilatation coefficient B is calculated from the known 
partial molar volume ^ of K^O and Na^O in "melted" glass at room 
temperature, ^ = 34 cm^/mole, and ^ = 20.2 cm^/mole. Let 
denote the partial molar volume difference of K^O and NagO at 25 °C. 
^^25 = %0 - ^ na^o = 13-8 (cnf/mole) 
—B = \t^2S " 4.6 (cm/mole-alkali oxide) 
Molecular volume of a base glass V is obtained from the density and the 
molecular weight of the sample glass. 
V = = 24-75 (cm^/mole-base glass) 
One mole of base glass contains 0.156 mole-Na^O. Assuming 100 % ion 
exchange, the concentration change in the ion exchange process is 
Co = = 0.0063 (mole-Na^O/cm^) 
Then, the linear dilatation of the sample glass at room temperature is 
^25 ~ § * 13.8 (cm^/mole-Na^O) x 0.0063 (mole-Na^O/cm^) 
= 0.029 
At exchange temperature 400 °C, 
AV400 = 34 X (1 + 3x465xl0'^x375) - 20.2 x (1 + 3x395xl0~'^x375) 
*400 = *25(1 + 567X10''^X375) = *25(1.02) 
^ Reference [57] 
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B. Solution for Singly Ion-Exchanged Glass 
1- Calculations of strain 
The force balance Equation (23) gives 
(L-x) j R^(t-t')5^||pdt' + X R^(t-t')^[E(t') - *]dt' = 0 (Al) 
Integration by parts for Equation (Al) gives 
, r aa (t-t') , 
%j[E(t) - *(t)]R%(0) - J^[s(t') - $(t')]-^—dt'l 
t 3R(t-t') 
+ (L-x)[e(t)Ry(0) - j^E(t')-^ df] (A2) 
= 0 
Equation (A2) can be written in the form [58] 
- (A3) 
* [i. - " 'af ] 
"1 
= 0 
Hence, 
n r^i+1 
• [l - «(vi)hc(vi)v<') - gj,, '^'•1 
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= 0 
Each of the integrals in Equation (A4) is transformed to a finite 
approximation by using a trapezoidal approximation. 
.t. f'i+l ^^x^^n+l~^' ^ 
[e(t') - *(t')] ^ dt' 
= :[:(ti+i) - Kti+i) + e(t.) - 0(t.)] df (AS) 
= - •(tiw) * :(ci) - «(•=i)It\(VrVl> -
Equation (A4) then becomes 
- * s'ci) - •<vi 
- - WrVii 
= 0 
Rearranging Equation (A6) to obtain E(t^^^) yields 
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- - »<Vl> -
-I - "Vi 
- [I. - ==<vi"!-?(viv°> - ^<wvi 
2(^n+i) Equation (A7) can be calculated by using the following 
initial conditions. 
1) s(t ) = 0{t ) = x(t ) = 0 
(AS) 
2) *(t^) = 
2. Calculations of stress 
The same methods used in the derivation of z(t^^^) have been 
applied to calculate the stresses in ion-exchanged glass. The equation 
for the compressive stress in an ion-exchanged layer at t=t^^^ has the 
following form: 
- I + e(t^) - (A9) 
* ^®x^^n+l~^i+l^ ' ^x^^n+l'^i)^ 
The equation for the tensile stress in the unexchanged layer of a 
field-assisted ion-exchanged glass is : 
Ill 
»u<'n+l> = - I + c(ti)] 
'' '•^^^n+l'^i+l^ " Buf^n+l'^i)] (AlO) 
C. Solution for Doubly Ion-Exchanged Glass 
1. Calculations of strain 
The Force balance Equation (34) gives 
+ [L - (=1+K)][0i y(t) + J'%^(t-t')?|^dt'] (All) 
+ x|oi yCt) + - *(t')]dt' 
= 0 
Integration by parts for Equation (All) gives 
+ [:(t) + 
t 3R_(t-t') 
- J [s(t') + 0jjj(x,t')] ^ dt'jdx (A12) 
t 3R (t-f) 
+ [ L  -  ( x^+x ) ]jo^^y(t) +  s ( t)Ry(0) - J e ( t ' ) - ^  d t ' j  
, / 3R (t-f) 
+ xjol u(t) + [s(t) + 0(x,t)]R^(O) - J^[e(t') - 0(t')] —dt' 
= 0 
Equation (A12) is transformed to a finite approximation by using the 
trapezoidal approximation introduced in the previous section. 
- [\<vl-'i+l' - \<vl-'i>l!'^ 
t (l - (xi+%)]|'i,u(tn+i) + =(Vl>V» 
-1 |jt=<Vi' " «'Vi' * =<V • 
•" tVWui> - VW-V'l 
= 0 
Rearranging Equation (A13) for yields 
" [: - (%i+s)][r,(0) + \<vr'n" ^ ^ 
1- [L - (V'=)HR„<0) - \(t„i-t„)l} -
+ s[r^(0) - \(vi-t„)n-»(vi) + e<t„) - «(t^)] 
- "«<»> i'm'"-'..*!' -
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+ g'j[R.(VrVi> - j]* [•»<"• Vl> + 
+ [L - (V"'! |î|i=<Vi> * - «u'Vr'i»! 
* x s'ils'vl'  ••'ii-l' * - «('i" 
- t\<vi-'i^.i) -
The term E(t^^^) of Equation (A14) can be calculated using the 
following initial conditions. 
1) s(t^) = *(t^) = x(t^) = 0 
2) 0(t^) = *(t^+^) 
3) 3j(t^) = o,(t^) (A15) 
"> °l,u<'l> = 
2. Calculations of stress 
Stresses in a mixed-alkali-ion layer at t=t^^^ have the following 
form. 
t = ^ (a16) 
- I =<V -
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The tensile stress in the sodium-ion glass region is 
The compressive stress in the potassium-ion glass layer is 
*2.%(tn+l) = *l,u(tn+l) + [ = 
